Abstract. Hadamard's global inverse theorem provides conditions for a function to be globally invertible on R n . We show that for n ≥ 3 the conditions are robust enough for the conclusion to hold even if we relax them by removing the assumption at a finite number of points. As a consequence, we get a global inverse function theorem for homogeneous functions.
Introduction
A differentiable map between manifolds is called a C 1 -diffeomorphism if it is oneto-one and its inverse is also differentiable. We will mostly discuss the mappings f : R n → R n , in which case we denote its Jacobian by det Df := det(∂f i /∂x j ). The Hadamard global inverse function theorem states: Theorem 1.1. A C 1 -map f : R n → R n is a C 1 -diffeomorphism if and only if the Jacobian det Df (w) never vanishes and |f (y)| → ∞ whenever |y| → ∞.
This theorem goes back to Hadamard [Had06a, Had06b, Had] . In fact, in 1972 W. B. Gordon wrote "This theorem goes back at least to Hadamard, but it does not appear to be 'well-known'. Indeed, I have found that most people do not believe it when they see it and that the skepticism of some persists until they see two proofs." The reason behind this is that while we know that the function is locally a C 1 -diffeomorphism by the usual local inverse function theorem, the condition that |f (y)| → ∞ as |y| → ∞, guarantees that the function is both injective and, more importantly, surjective on the whole of R n . And indeed, W. B. Gordon proceeds in [Gor72] by giving two different proofs for it, for C 2 and for C 1 mappings.
Here we want to show that for dimensions n ≥ 3 the Hadamard global inverse function theorem is, in fact, a remarkably robust statement, in the sense that the conclusion remains still valid even if we relax the assumption, in some sense rather substantially, almost removing it at a finite number of points. This is very often not the case in many statements, most notably, the famous one being the 'hairy ball theorem', which fails completely if we assume that the vector field may be not differentiable at one point.
In fact, here we will show the following: b := f (a), and assume that f (R n \{a}) ⊂ R n \{b} and that |y| → ∞ implies |f (y)| → ∞. Then the mapping f : R n → R n is a global homeomorphism and its restriction f : R n \{a} → R n \{b} is a global C 1 -diffeomorphism.
We note that if we assume that f is also differentiable at a, Theorem 1.2 together with the local inverse function theorem applied at a imply Theorem 1.1.
An important consequence of this is the global inverse function theorem for homogeneous functions, important for a better understanding of different phenomena, for example of the global invertibility of the Hamiltonian flows. Here, we take a = b = 0, and it is a natural example since a homogeneous function fails to be smooth at the origin, or fails to be in C k for k depending on the homogeneity order. Thus, we have the following for any k ∈ N ∪ {∞}:
Assume that f ∈ C k (R n \0) and that its Jacobian never vanishes on
) and is positively homogeneous of order 1/κ. Moreover, if we extend f to R n by setting f (0) = 0, the extension is a global homeomorphism on R n .
We remark that we always assume n ≥ 3 in Theorem 1.2 and Corollary 1.3. As for the case n = 2, they are not always true because the Jacobian of f (x, y) = (x 2 − y 2 , 2xy) never vanishes on R n \0 but f is not globally invertible since f (x, y) = f (−x, −y).
We will prove Theorem 1.2 but note that exactly the same proof also yields the following further extension: Theorem 1.4. Let n ≥ 3. Let A ⊂ R n be a closed set. Let f : R n → R n be such that f is C 1 on R n \A, with det Df = 0 on R n \A, that f is continuous and injective on A, and that R n \f (A) is simply connected. Assume that f (R n \A) ⊂ R n \f (A) and that |y| → ∞ implies |f (y)| → ∞. Then the mapping f : R n → R n is a global homeomorphism and its restriction f :
Proof
First we observe that by translation (by a) in x and by subtracting b from f , we may assume without loss of generality that a = b = 0. To prove Theorem 1.2, we start with preliminary statements.
Lemma 2.1. Let F ⊂ R n \0. Then F is compact in R n \0 if and only if it is compact in R n .
Proof. Assume that F ⊂ R n \0 is compact in R n \0. Let F ⊂ α V α for a family of sets V α which are open in R n . Then
so that F is covered by a family of sets
Hence F ⊂ m j=1 V j , so that F is compact in R n . Conversely, assume that F ⊂ R n \0 is compact in R n , and let F ⊂ α U α , for a family of sets
which proves that F is compact in R n \0.
We recall that a mapping f is called proper if f −1 (K) is compact whenever K is compact.
Corollary 2.2. Let f : R n → R n be proper and such that f (0) = 0 and f (R n \0) ⊂ R n \0. Then the restriction f : R n \0 → R n \0 is proper.
Proof. Let K ⊂ R n \0 be compact in R n \0. By Lemma 2.1 it is compact in R n , and, since f is proper, the set f −1 (K) is compact in R n . We notice that if 0 ∈ f −1 (K) then we would have 0 = f (0) ∈ K, which is impossible since K ⊂ R n \0. Hence f −1 (K) ⊂ R n \0, and by Lemma 2.1 again, the set f −1 (K) is compact in R n \0. Hence the restriction f : R n \0 → R n \0 is proper.
Lemma 2.3. Let f : R n → R n be continuous everywhere. Then f is proper if and only if |y| → ∞ implies |f (y)| → ∞.
Proof. We show the if part. Let K ⊂ R n be compact. Then it is closed and hence
Then there is a sequence y j ∈ f −1 (K) such that |y j | → ∞. Hence f (y j ) ∈ K and also |f (y j )| → ∞ by the assumption on f , which yields a contradiction with the boundedness of K. The converse implication is clearly also true. Proof. Let us assume that f (U) is not open for an open subset U ⊂ R n . Then there is a point a ∈ U such that f (a) is on the boundary of f (U), and we can construct a sequence y j ∈ R n \U such that f (y j ) → f (a). Since f is proper, there exists a subsequence y ′ j which converges to some point b ∈ R n \U. Note that b = a. Since f is continuous, f (y ′ j ) → f (b), but we also have f (y ′ j ) → f (a) which contradicts to the fact that f is injective.
We quote here a generalised version of Theorem 1.1 (see [Gor72, Theorem B]): Proposition 2.5. Let M and N be connected, oriented, d-dimensional C 1 -manifolds, without boundary. Let f : M → N be a proper C 1 -map such that the Jacobian J(f ) never vanishes. Then f is surjective. If N is simply connected in addition, then f is also injective.
Proof. This fact was also known to Hadamard, but a rigorous proof for surjectivity can been found in [NR62] . As for the injectivity, it is based on the fact that a simply connected manifold is its own universal covering space. A precise proof can be found in [Gor72, Section 3]).
The following result is a straight forward consequence of Proposition 2.5.
Corollary 2.6. Let n ≥ 2. Let f : R n → R n be proper and such that and f (0) = 0 and f (R n \0) ⊂ R n \0. Moreover, assume that f is C 1 on R n \0, with det Df = 0 on R n \0. Then the restriction f :
Proof. By Corollary 2.2, the restriction of f is a proper map from M = R n \0 to N = R n \0. Note that N is simply connected if n ≥ 3. Then Proposition 2.5 implies the statement.
With all these facts, Theorem 1.2 is immediate:
Proof of Theorem 1.2. By Corollary 2.6 and Lemma 2.3, the map f : R n \0 → R n \0 is bijective. Hence it is a global C 1 diffeomorphism by the usual local inverse function theorem. Furthermore, the map f : R n → R n is also bijective since f (0) = 0, hence the global inverse f −1 : R n → R n exists and continuous by Lemma 2.4. Since f : R n → R n is also continuous, it is a homeomorphism.
Proof of Corollary 1.3. First, let us extend f to R n by setting f (0) = 0 and show that f is continuous at 0. We observe that f (S n−1 ) has a finite maximum. Let ξ j → 0, and ξ j = 0 for all j. Then
so that f is continuous at 0. Let us now check that other conditions of Theorem 1.2 are satisfied. We observe that f (S n−1 ) has a positive minimum min |ξ|=1 |f (ξ)| = c 0 > 0. Indeed, if f (ω) = 0 for some ω ∈ S n−1 , then f (tω)(= t κ f (ω)) = 0 for any t > 0. Differentiating it in t, we have ω = 0 since the Jacobian of f never vanishes on R n \0, which is a contradiction. Then we have |f (ξ)| = |ξ| κ f ξ |ξ| ≥ c 0 |ξ| κ , ξ = 0, which induces that f (R n \0) ⊂ R n \0 and that |y| → ∞ implies |f (y)| → ∞. Therefore, by Theorem 1.2, f : R n → R n is a homeomorphism, and f −1 is C k on R n \0 by the usual local inverse function theorem. Let us finally show that f −1 is positively homogeneous of order 1/κ. Indeed, for every τ > 0 and ξ = 0 we have f −1 (τ κ f (ξ)) = f −1 (f (τ ξ)) = τ ξ. Since f is invertible, η = f (ξ) = 0, and we have f −1 (τ κ η) = τ f −1 (η), or f −1 (τ η) = τ 1/κ f −1 (η).
